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Abstract

In this report we study the effects of the non-linearities
in the dispersion and attenuation of longitudinal waves in a plasma.
We first work with the hydrodynamic equations and show that to a
first approximation non-linearities affect the dispersion equation.
We then work with the Boltzmann-Vliasov equation and indicate a
general method for the study of the effects of non-linearities. Be-
cause of mathematical aifficultie s, we develop a hybrid formulation
which is based on both the hydrodynamic and the Boltzmann-Vlasov
equations and indicate that to a first approximation non-linearities

affect both the dispersion equation and the attenuation in a plasma.
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I. Introduction

By linearizing the Boltzmann-Vlasov (B-V) or the hydrodynamic (H)
equations that describe the longitudinal properties of a plasma, in effect we
disregard interactions between modes of vibration in the system. If accounted
for, these interactions could lead to attenuation of an excitation (density wave)
in the plasma in addition to the attenuation due to collisions or to Landau damp-
ing; they could further lead to a modification of the plasma dispersion relation

which, in the linearized case, is given by
W = wl"; + (3RT/m) k% ; (B-V) (1)
W= w ; (H) (2)

The added attenuation can be attributed to the energy lost by a propagating den-
sity wave for the excitation of harmonics. On the other hand, the modification
of the dispersion relation can be attributed to a correction of the longitudinal
dielectric coefficient of the plasma because of non-linearities.

Some attempts have been made in the last few years to study the non-
linear effects in a plasma in equilibrium described by the Boltzmann-Vlasov

(1,2, 3). The little progress made consists perhaps in the realization

equation
of the mathematical and conceptual difficulties, but has added no new insight

to the problem. In the present paper we make a renewed effort to understand
the problem by attempting to describe the non-linear effects as a scattering
process. In Sec. II we limit the discussion to the hydrodynamic model in order

to keep a simple mathematical structure. We are aware that the hydrodynamic

model is inadequate for large wave numbers k because it does not account for



the interaction of the collective mode with the free particles (leading to Landau
damping). Although this shortcoming does not affect the validity of our method,
it does cast some skepticism on the accuracy of the results. In principle, the
method can be generalized to treat the Vlasov plasma. This generalization is

developed in Sec. III



II. Non-Linear Hydrodynamic Equations for a Plasma

We use the following set of equations to study the non-linearities in

(4),

a homogeneous model of a plasma

(a) Continuity Equation:

on(xt)
ot

+ V= [n(xt) V (xt)] =0 , (3)

(b) Equation of Motion:

aV(xt)
ot

+[Vixt) - v=] T (xt) +f—n- Vé(xt) =0 (4)
(c) Poisson Equation:
V2<|>(>—c't) = -47reSn (xt) . (5)

The charge of the electron has been taken as -e and the mean electron density
n is assumed to be neutralized by a positive sea of ions. én(xt) is the excess

density at a point x and time t and therefore

n(xt) = n_ + 8n(§t) =n_ {1 +8—13r$1-;—t)-} =n_ {1 + Y(xt)}
o

In terms of Y(xt), Eqs. (3) and (5) become



___a«g(ft) + v;- Vixt) + Vo [Wxt) V (xt)] =0 (3a)

v2p(xt) = -47 en_(xt) (5a)

By taking the Fourier transforms in time and space of Egs. (3a), (4), and (5a),

we obtain

dk'dw _

siwy(kw) +ik - V(Rw) +iK - [ V(Ko )YE-F, w-0') 0 (6)

(27)
i V(Rw) + iE‘enH ¢ (ko) +if(R-K') - V(K'e")V(EK-EK,w-w) d(i':’)"j}' =0 (7
k¢ (Kw) + 4ren y(Rw) = 0 , (8)

where the quantities in the integrals represent the non-linear contributions.

The linearized version of the hydrodynamic equations have the form

~iwpkw) + ik - V(kw) =0 (9)
~iw V(kw) + ii?—% ¢ (Kw) =0 (10)
k(R ) + 4 7 en_y(Kw) = 0 (11)



and yield after some trivial substitutions

2 My -
k{1 -5} ¢ (ka)=0 . (12)
w

Equation (12) can be interpreted either as the source-free Poisson equation in

matter
k2 & w) o (Kw)=0 (13)

where eL is the longitudinal dielectric constant, or as the solution of the second

order differential equation
—_— 2 _
¢(xt)+wp ¢ (xt) =0 ,
i.e., the oscillator equation for the hydrodynamic oscillations in the plasma.

Returning now to the non-linear equations, we first solve Eq. (6) for U{kw) and

substitute the value of V(kw) from Eq. (7) to obtain

2 _
Wko) = =% p(ko) + 5 [E+ TE-F, u-o')(K-K) - F(Rror) Lo’
mw w (2w)
+ —lw—ff - Vik'w') ¥ (k-k', w-w') —d-(-Ezl(l)%'- (14)
T

Further substitution of Eq. (14) in the Poisson equation finally gives



2

w 47 en _—
K2 {1- —B—} ¢ (Ku) =—=2 [ B T (E-F, 00" )(K-K) - T (Fror) S
W w (2w)
4“no . dR'dw

+ fE Vik'ew) ¢ (k-k', w-w

To bring Eq. (15) in a more lucid form, we substitute the V's inside the integrals

with their values given by Eqs. (6) and (7). Thus

2

w 47 en T TLT T '
K2 (1B} ¢ (o) = ()2 —50 [ ERAERNE HR) o mg oo )__(l?fd;
w T

41re n 1,00
o fEE § ®uo)y&E, 00 w%—dﬂ); (16)
T

The terms that have been neglected could be further reduced by successive
substitutions to give higher order terms; however, the algebra is prohibitive.
In any case we can clearly see that Eq. (16) is an integral equation for the
potential ¢ (kw) and its right-hand side could be interpreted as a source term

for the Poisson equation in matter, i.e.,



2 |
w

K2 {1 - =B} ¢ (ko) = 4rp(ke) . (17)
w

Our problem now is to find a solution for the integral equation. Since p(kw) is
expected to be a small quantity, it becomes obvious that we should seek solu-
tions close to the ones given by the linear hydrodynamic model. According to
the model, density oscillations in the plasma can occur at only one frequency
w and at an arbitrary wave number k. We know, however, from the solution
of the B~V equation that this is only approximately true; i.e., the oscillation
frequency is given by w = wp, k) except in the limit of k - 0 where w = wp.
Selecting therefore an arbitrary but small wave number Ep, we assume that at

a first approximation the potential in the hydrodynamic case is given by
_ 4
d(kw) = ¢ (27) 5(k-kp)5(w-wp) ) (18)

where 4>0 is the amplitude of the potential. However, the integral equation 16
expresses the fact that if non-linear terms are accounted for there are contribu-
tions to the potential from all k' and w'. Stated another way, non-linearities
produce a slipping of the frequency and wave number, a process very similar

to incoherent scattering. In fact, if a plasma oscillation is to be viewed as a
density wave propagating in the plasma, then it becomes clear that it can be
scattered out of the direction it is propagating. As the wave is scattered out

of the forward direction it loses a part of its energy. As a first approximation
we assume the attenuation to be small and separate ¢(kw) in two parts: the
coherent part consisting of the propagating density wave at wp - Ep’ and the

incoherent part l]J( 1 )(Ew):

d(Ko) = ¢ (2m)* ER-E) () + 6 M (Ra) (19)



We introduce now Eq. (19) in Eq. (16) and obtain

2
w [

K2 (1 - ) ¢ (2m* §lumag) SE-Ey + 1P - B o (R -
w w

2 —

Wl 4l —o o — = dRd

5 0o J TR (2n)* o) SEE )y R wer) TS
wz Eo It !

+ B [ wEE ¢<1><i'w')¢(i.i',w-wv)f_:_)‘%;’_ + 0, (20)
w Via

where aconsists of terms contributed by the first integral in Eq. (16). We can
see by inspection that these terms are both small (since they are proportional
to ¢(2), ¢(1)¢o, and ¢(1)¢(1)) and incoherent with respect to 4>o and ¢(l)(T<w). We

will therefore neglect them. From Eq. (20) we clearly have

2 2
24 % \WEy . P _w
k™ (1 - :z—)(b (kw) = ¢O wT "o K’Kp \ (R'-Rp': w"wp)
p
(5] Sn(E:R y W= )
= ¢ £~ &k P’ (21)
o w ) n
and therefore 8
¢ ww (k'K ) nk-k ,w-w)
PA(R A S P b (22)
k™ (w -wp) B

where the division by mz-oolzD will be interpreted as follows. We first expand

and then write



lim 1 . @ ! ¥ Wi&(w-wp) (23)

o 0 w-wp * ia W-w

along with a similar expression for (w+wp)—1. This corresponds to the
assumption of a negligibly small loss term in either the dielectric constant
€(w) or the equation of motion for ¢(§t). Inserting Eq. (22) back in Eq. (20),
we obtain

KPe(w) y(2m) §luro ) § (KK =

P
2 —_ — = - —
wp f (k-k'N k- kp) wp on( "'kps w' "WP) Sn(k-k', w-w') dk'dw' 24
> J % 73 ) 7 7 (24)
k! w' -wp ng (2m)

This equation can be interpreted as an equation describing the scattering of a
coherent density wave at wp, ’Ep from density waves traveling at directions k'

and frequencies w'. It is clear that the density deviations Jn(i'-—lzp, w-wp),

$n(k-k', w-w') inside the integral of Eq. (24) represent density waves with

respective wave numbers and frequencies k' -Kp’ w-wp; k-k', w-w'. However,

it is also clear from the left-hand side of Eq. (24) that we are interested in

the case where k = Ep’ w = wp, i. e., in the forward direction. (See Fig. 1.)

k' 2 k-k'
(b) k'-k,

$n(k-K') Tx
p

(a)

k-k'

k

Fig. 1 Density Waves



This corresponds to imposing the conditions¥*

=
n
by |

(k' -IEP) +(K-K)=0 ie., (25)

(w'-wp)+(w-w')=0 i.e.,w=wp (26)

Taking now the average on both sides of Eq. (24) and noting(s) that

Sn(k' -Ep, W' ) §n(E-K', w-0') =(27)% <] gn(E’ -Ep, w'-wp)]2>5(E-Ep)s(w-wp)

and that <¢o> = ¢O, we derive from Eq. (24)

k%[ € (w) +§ elkw)] (27)* b, SE-E ) §(w-u ) = 0

where
- =2 2 - = 2
w k - k' w <ibn(k'-k_, w'- > =
56(_1_<w) - 1 D f ( P ) D l ( P w O.)p)l dk'dw (27)
2 w 2 2 2 2 4
k k' W' -w n (27)
P o

where now < lSn]2> is the mean square fluctuation of the density. We note

that we cannot derive information concerning the amplitude of plasma oscilla-
tions from the hydrodynamic or the B-V equations. Nevertheless, it is the
thermal motion in the microscopic scale that initiates the plasma oscillations
in the macroscopic scale and therefore the amplitude of the oscillations can
only be derived from thermodynamic reasoning. Appendix A is devoted to the
evaluation of the fluctuation spectrum of a hydrodynamic plasma by making use

of Nyquist's theorem. We find that

* If instead of density waves we were to consider particles, Eqs. (25) and (26)
would represent momentum and energy conservation.

10



<l5n(£w)]2> =n_ 2.32 p {8 (w-w ) - 8(w+wp)} , (28)

where KD is the Debye length. Since the fluctuation spectrum has just two
lines at = wp and no width, we are entitled to call the fluctuation a plasma
oscillation. The fluctuation spectrum derived from the B-V equations has a
finite width which, in effect, corresponds to Landau damping ; however, we
can readily show that in the limit of kﬂD —+ 0, the B-V spectrum is again given
by Eq. (28). With the available information we can now compute the correction

to the dielectric coefficient e€(kw). Calling

86‘ = 86' + iae“

I_<=E'-Ep, =0 -0,

and using Egq. (23), we obtain

—- = 2
(k' k - 2 —
. Q 1 1 <Sa® Q% dRdw
86' = - k P f ?(wl_w = @ o ) i nnz L > (27,'): (29)
P P o
S 1 w?) f (k' 1‘(_p)2 e §i <]§n(1<n)] > dk'dw'
"oz 4 (w'-w )-d(w'+w ) (30
where
w
<I8a®.a)|%5> = n, (0 K2 A% Ry 5 Blor-26 )-8(w) (31)
P
Explicitly we have for Se'
- 2 2 2
(k! kp) (k"kp) dk!' AD 2 wp
§¢' = [ ——— Zrn - 3 o)
k k! (27) o
A2 0
= g(E) =P (32)
)

where g(k) is the value of the integral between 0 and some k max’
11



The dispersion equation then becomes

7\2

et+se=0=1-—B +g(F)( ) ==
(&)

37n w
o

which gives

7\2 w
2_ 2 = "D p, 2
w —wp-g() 37.rn (0) )O)
2
A
o D 2
~w_ - g(k) I o wp
o
=Wl - gREL ) (33)
P g m 3no )

This implies that the frequency decreases because of non-linearities. As a

result the group velocity

_ dw
Vg T Ok

becomes negative. If, however, the vector k' in Fig. 1 were to be reversed,

the sign of g(k) in Eq. (33) would also reverse and in this case

2 2 —\ KT 1
p"'g( )(—m— g’;)

As a result vg > 0.

- From Eq. (30) we find that 8€¢'" = 0. As a consequence and to the
approximation we are using, there is no attenuation in the propagating density
wave. In conclusion we may say that, to first order, non-linearities affect

only the dispersion equation.

12



111, Non-Linear Vlasov Equation

As mentioned in the previous section, the hydrodynamic model of
the plasma is inadequate in the sense that it does not give a dispersion re-
lation and a damping term in the linear approximation. It becomes therefore
necessary to study the non-linear Vlasov equation in order to obtain a cor-
rection to the dispersion relation and to the damping, We outline here the
method that could be useful in a program of this nature. However, we do
not attempt to give an answer to the problem because the equations turn out
to be very involved. Instead we use some of the results to improve the
corresponding hydrodynamic formulation. Vlasov's equation for the dis-

tribution function f(xvt) has the form

S v Voft S Ve V=0 34
ot ViVx = V¢ v (34)
while the Poisson equation for a neutralized electron plasma is

v% = 47re§ £ (&9t) 4 (=1 +£) (35)
Fourier transformation in space and time of both equations gives

(-iw + ik« ) f(Re¥) +i 2 K Ve f ¢(ke)

+iz% Scb(lé'w') R"V;-, fl(ﬁ-l-(',w-w') d—(l::-wi)(% =0

k% (Ro) = - 47e S’fl(ﬁw{r) av

Solving for fl(RwC'), we obtain

fl(ﬁw"}) =

k' V_f R"V—f (R-R., w-w', ;I) dk' dw'
e VO ko) + & \oEw) —L (36)
m -k v bl m S'd) N w-k'v (27r)4

13



We integrate Eq. (36) over v and insert in the Poisson equation

2 477'82 k. V\.rfo - =
kK°[1 + > mdv]‘b(kw):

mk

2 k'.V_£ (k-k' 0-0,7) =
dre S\ ¢(E'w') v1( w-w', 7) dk'de! 47
m 4
(27)

o
<i

w—
The quantity in the square brackets is by definition the longitudinal dielectric

coefficient eL (I«»), and therefore, we can now write the equivalent of Eq. (16)
! e L el o -
k ’val(k k' w-w!,v) dk'dw'

dv

—= (37)
w-k'v ' '(27r)4

- 2
ke () (o)= 2L S‘ o (k')

=47 p (Ew)
Equation (37) is an integral equation for ¢(I<w), and it represents the same
physical problem as the equivalent hydrodynamic equation. It presents,
however, a mathematical problem of larger complexity because of the

denominator (w—E' ;). To bring Eq. (37) in better correspondence to Eq. (16),

we write - - _ - - - -
k' v_f1 (k,Nwv) k- k'f, (k,L, v)
vl - 1 -
§ — dv = y —— dv
wk. ¥ (w-k-v)

It then becomes obvious that for k = 0 we obtain Eq. (16). To proceed from

Eq. (37) we could use an iteration procedure, or we could write as in Section 2

- 4 = (19 I
¢ (kw) = ¢o(27r) 6(k-kp)6 (w-wp) + ¢ (kw) (38)

. 2 2 2 _ 2 2 .2
with w~ = wp + (3 ¥ T/m) kp L= wp +vo k™.

14



Then

k%eM(ko) ¢ _(27)* §E-K) lo-u ) + k% eMEw) o' (Ea)
2 k' - V=f (k-k,w-w, V)
i 4 Y E P &
w-k v
+ 41 e f‘b(l)(k' " k! va]_(K-E’, w-w', ;) dK'd:' ,
m w-k* v (2r)

or finally (see Sec. II)

K2l (ko) ¢_(2n )45(E-'Ep)5(w-wp) =

a2, B VI Fyete, WK vof) (KK e-ot, 9]
( m ) ¢of

dvdv!
k' “eT(R'w') (0 <K'+ V') (w-K- 7) (2r)

Our intention was to derive an equation of the form
K[ Ru) +Se(®al] ¢ y(2m)* BE-K) 6 (w-a)

and from this the corrected dispersion relation e'L(kw) + §e' (kw) = 0. How-
ever, we have not been able to make progress along these lines. As a
hybrid solution to the problem we could use the left-hand side of Eq. (39)
and the hydrodynamic expression for the right-hand side. From Eq. (27)

we would then have

- =2 - 2
X -k < k'-k ,w- —
RPN U S L MU B, i s L)
ke @ k! eH(k'w') n’ (27)

15

— = dk'dw'

(39)

(40)



or since from the fluctuation theorem we have

- —— -—)
3, T we‘4rn € (kw)
2.2
- kA D e"L(l-m))
Equation (40) becomes
- 2 2. 2 _
o1 9% %K) abggygetie) B e MRa)  dRvde
delko) = - = o= z oy 2 78 | Lmay2 4 @
k k! |e™(k', @) |e™En)| (27)

If we use the hydrodynamic formula for the fluctuations, the integration over
w' can be performed with ease. The results are interesting for the imaginary

part of de(kw):

de' (kw)
L2
w (k_* k") L, i ") 1 eyt
e L (T el ®e) Lo )52 R (ol -2a) ot} S50
k° @ k' Ie (k'w')l o p P @n)
k
D 12 ili \2 L _ 2
:S’ o k)" (k)" a7 20)  eBmio)  “%p?p o1 (42a)
5 RZR'Z (27{)3 IGL(R', pr)lz I€L(R,, 0) I 2 (5] no_fw
a2 o2 . 2
o Tt t_ " t -
i Z (kp k') (k kp) € (k,zwp) e"L(k',O) My g
=2-.2 L, 2 L - 2 n_ 27 (42b)
i<k Kk | e (k',pr)I le (', 0)] o
w=w
P

where the integration or summation extends from k=0 to kD’ the Debye wave

number. We note now that the fluctuations of the electric field in the plasma

16



are given by

nls
<|E o) |%> = B4T €' (ko) , (43)

w I €L(Rw) I a

and therefore, the energy is

€ (ko) = UE&)]™ s S I

87 TwW IeL(kw)lz
Thus & )Z(R _ )2
« et ok
€' (kw) = 2 P o P (€&, 20,) +E€ & 0)}0)_11?1 5}" (44)
k'<k P ©

where the summation is for wave numbers smaller than the Debye wave number.
The imaginary part of 6€ gives a measure of the attenuation of the coherent
density wave because of non-linearities in the system. Equation (44) can now
be compared with a similar equation quoted by Pines. 6 In the Pines picture
this attenuation is expressed in terms of the rate of change of plasmons due
to non-linear interactions. In addition to é€¢'' we could also compute &¢' to
derive a correction for the B-V dispersion equation.

In conclusion, we may say that in the hydrodynamic model of a plasma
only the dispersion equation is affected by non-linearities. The indication,
however, is that in the B-V model of a plasma non-linearities introduce not -

only a correction to the dispersion equation but also an attenuation.

17



Appendix A: Calculation of the Density Fluctuation

If an external potential ¢eXt is included in the linearized version of

the hydrodynamic equations, we have from Eqs. (9-11)

~ioP(kw) + ik - V (ko) = 0 (A.1)
iV (kw) +ik = ¢(Rw) +ik = ¢ext( w) =0 (A. 2)
k%0 (Rw) + amen ike) = 0 : (A. 3)

Multiplying (A. 2) by k, introducing the result in (A. ) and making use of the

Poisson Equation we have successively

li(Rw) = k-v (RQ))

=
W
2 2
:r% 15-2 & (kw) + }—i- -k—z ¢eXt(Rw)
w W
2 2
-4me no (k) + '::_1 EZ ¢eXt(Rw)
mw w
Thus
(w%-0l) plko) = 2o k%S (k)
or
plRoy = (e/m) 8 ko)
w? - wp

Y(kw) is the linear response of the hydrodynamic plasma to an external poten-

tial ¢ext. Since y(kw) = 511(1-(‘-0)/1'10, we have further
2 2
p (kw) = ebn(kw) = T _2___2_ X (ko) = Zl'{% -—;£¢eXt('Ew)
P ‘

18



where € = 1- w; /wz. The current is given by

2
- - . w —_ -
ja) = 72 B F X ) (A. 5)
w - W

p

where EeXt(kw) = - ichbeXt '(Ew). From Nyquist's theorem we know that the

mean square fluctuation for j is

2
—— . w
<o) [#> = KL peqie B ) (A.6)
w ‘(.A)p
and therefore
— 2 - -
< Jonfw) %> = Ko < | Tike) |2
w e

If we interpret the singularity of (A. 6) as

2
)

w w
P = P 1 1 - o) -
2 2 Zp{ohw T wtw }+_2P_ i {66 wp) 6(‘».“mp)}’
“p P p

w -

we readily obtain

kzw

2w

< | 6n (ko) r{‘z > _ _«T
n

- P {8-0.) - 8wt ) } (A.7)

47 ezn
o

which integrates to

1 12 2.2
n—S‘ <|dn(kw)|“> dw = k Ap
o

where
2 2
}‘D = KkT/4rne n

is the Debye length.

19
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